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A COMPACTNESS THEOREM ON BRANSON’S Q-CURVATURE EQUATION 


GANG LI' 


Abstract. Let {M,g) be a closed Riemannian manifold of dimension 5. Assume that (M,g) 
is not conformally equivalent to the round sphere. If the scalar curvature Rg > 0 and the Q- 
curvature Qg > 0 on M with Qgip) > 0 for some point p e M, we prove that the set of metrics 
in the conformal class of g with prescribed constant positive Q-curvature is compact in " for 
any 0 < a < 1. We also give some estimates for dimension 6 and 7. 


1. Introduction 

On a manifold (M”, g) of dimension n > 5, the Q-eurvature of Branson [l3l is defined by 


Q,= 


;\Ric„\ + 


4n^ + \6n - 16 . 


-R: 




(n-2)2' 8(n - l)2(n - 2)2 

where RiCg is the Rieei eurvature of g, Rg is the sealar eurvature of g and is the Laplaeian 
operator with negative eigenvalues. The Paneitz operator [l22ll . whieh is the linear operator in 
the eonformal transformation formula of the Q-eurvature, is defined as 

4 


( 1 . 1 ) 


Pg = divg{a„Rgg - bnRiCg)Vg + 


■Q. 


8’ 


2( n-i)(n-2) f^ct, Under the eonformal ehange g = U"^4g the transfor- 


with a„ - _ 4 

mation formula of the Q-eurvature is given by 

n 


PgU = 


4 0+4 

—QgU"-*. 


In eomparison, the ehange of sealar eurvature under the eonformal ehange g = U'^-^g satisfies 

„ -£± 2 ^ 4(n - 1)^ . „ ^ 

Rg = U "- 2 (- )AgU + RgU). 

^ (o - 2) ^ ^ 


Let (M'’,g) be a elosed Riemannian manifold of dimension n > 5. Assume that Rg > 0 
and Qg > 0 on M with Qg not identieally zero. For existenee of solutions u to the preseribed 
eonstant positive Q-eurvature equation 

ft 4 — n+4 

( 1 . 2 ) PgU = —^Qu"-\ 

with Q = \n{n^ - 4), one may refer to Qing-Raske If24l . Hebey-Robert IfT^ . Gursky-Malchiodi 
IfTOl . Hang-Yang [fTH . Gursky-Hang-Lin Reeently, based on a niee maximum principle, 
Gursky and Malehiodi proved that 

^ Research supported by China Postdoctoral Science Foundation Grant 2014M550540. 
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Theorem 1.1. (Gursky-Malchiodi [[TOll ] For a closed Riemannian manifold (M”, g) of dimension 
n > 5, ifRg > 0 and Qg > 0 on M with Qg not identically zero, then there is a conformal metric 

4 - 

h = W'-^g with positive scalar curvature and constant Q-curvature Qh = Q- 

Moreover, they showed positivity of the Green’s funetion of the Paneitz operator. Also, for 
n = 5, 6, 7, they proved a version of positive mass theorem( see Theorem 12. IL whieh implies 
possibility to show eompaetness of the set of positive solutions to the preseribed eonstant Q- 
eurvature problem in with 0 < or < 1. 

For eompaetness results of solutions to the preseribed eonstant Q-eurvature equation with dif¬ 
ferent eonditions, one would like to see Djadli-Hebey-Ledoux (Tl, Hebey-Robert IfT^ . Humbert- 
Raulot [|T3ll . Qing-Raske [12^ . In Djadli-Hebey-Ledoux 0, the authors studied the optimal 
Sobolev eonstant in the embedding where Pg has eonstant eoeffieients. With some 

additional assumptions, they studied eompaetness of solutions to the related equations under 
bound and obtained existenee of positive solutions for the eorresponding equations. Under 
the assumption that the Paneitz operator and positive Green’s funetion, Hebey-Robert ITT^ eon- 
siders eompaetness of positive solutions with VF^’^ bound in loeally eonformally flat manifolds 
with positive sealar eurvature. They showed when the Green’s funetion satisfies a positive mass 
theorem, the eonelusion holds. Later, Humbert-Raulot [|T3ll showed that the positive mass theo¬ 
rem holds automatieally under the assumption in Hebey-Robert f[T^ . In Qing-Raske [|23l, with 
the use of the developing map and moving plane method, they showed L“ bound of solutions 
to the preseribed eonstant Q-eurvature equation, for loeally eonformally flat manifolds with 
positive sealar eurvature without additional assumptions. Combining Qing-Raske’s result with 
positivity of Green’s funetion, one ean also easily get the full eompaetness result, see Theorem 

O 

In this notes we want to study eompaetness of solutions to the preseribed eonstant Q-eurvature 
equation in Theorem ILli following Sehoen’s outline of proof of eompaetness of solutions 
to the preseribed sealar eurvature problem. For eompaetness results of solutions to the pre¬ 
seribed sealar eurvature problem, following Sehoen’s original outline, one ean see Sehoen ( Il25l . 
[[2^ , [[28]), Li-Zhu [[T9l . Druet [[8|, Chen-Lin Li-Zhang ( ffTTl . tfT^ ). Marques [[211 . Khuri- 
Marques-Sehoen ffTH . For non-eompaetness results, see Brendle H, Brendle-Marques [O and 
Wei-Zhao [[29l . For eompaetness argument for the Nirenberg problem for a more general type 
eonformal equation on the round sphere, see Jin-Li-Xiong [[TSl . More preeisely, we will follow 
the approaeh in Li-Zhu [[T^ for solutions to eonstant Q-eurvature problem in dimension n = 5 
under Gursky-Malehiodi’s setting. For n = 6, 7, we give some estimates along this direetion. 

Our main theorem is 

Theorem 1.2. Let (M'',g) be a closed Riemannian manifold of dimension n = 5 with Rg > 0, 
and also Qg > 0 with Qg(p) > 0 for some point p e M. Assume that (M, g) is not conformal 
equivalent to the round sphere. Then there exists C > 0 depending on M and g such that for 
any positive solution to (11.21) . 

C"' < M < C, 

and for any 0 < cr < 1, there exists C' > 0 depending on M, g, a and n such that 

||M||c4,ti < C'. 
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We will perform a eontradietion argument between loeal information from a Pohozaev type 
identity relating to the eonstant Q-eurvature equation and a global diseussion provided by the 
positive mass theorem in Gursky-Malehiodi llTOl l see Theorem 12.11) . In eomparison, for eom- 
pactness of Yamabe problem, the application of positive mass theorem by Schoen and Yau [|T71 
is crucial. 

We give a direct modification of the maximum principle in Gursky-Malehiodi IfTOl for mani¬ 
folds with boundary, see LemmaIt turns out to be very useful in the proof of lower bound 
of the solutions away from the isolated blowup points( see Theorem 14.31) and it plays a role 
of local maximum principle in estimating upper bounds of solutions near blowup points( see 
Lemma [6^ . To show upper bound of the solutions, we give upper bound estimates of a se¬ 
quence of blowup solutions near isolated simple blowup points as in Li-Zhu IfT^ . see in Section 
1^ We are able to prove a Harnack type inequality near the isolated blowup points for 5 < n <9, 
see Lemma [6Tl Besides the prescribed Q-curvature equation, nonnegativity of scalar curvature 
is also important in the analysis of the limit space of blowing-up argument. With the aid of 
the Pohozaev type identity, we then show that in dimension n = 5, each isolated blowup point 
is in fact an isolated simple blowup point. After that, proof of Theorem 11.21 is standard, ex¬ 
cept that more is involved for the blowing up limit in ruling out the bubble accumulations, see 
Proposition 18.31 

Remark 1.1. In Marques ll2T]| and Li-Zhang [flTl . by using a classification theorem by Chen- 
Lin @ of solutions to the linearized equation of the constant scalar curvature equation on R” 
vanishing at infinity, better estimates are obtained for error terms in the Pohozaev type identity. 
If such a classification theorem still holds for linearized equation of the constant Q-curvature 
equation on R", then argument in [|2TI still works and Proposition 1(5. 71 still holds for n = 6 and 
n = 1, see in Remark \6?2\ We should remark that in these two dimensions, estimates on the Weyl 
tensor at the blowup points are not necessary. Once Proposition \6. 7\ holds. Proposition \7.1\ and 
Proposition I&3I hold for n = 6 and n = 1 automatically. That leads to the compactness result 
Theorem U .2\f or n = 6 and n = 1. But we are not able to show such a classification so far. 

To end the introduction, we introduce definition of isolated blowup points and isolated simple 
blowup points. 

Definition 1.3. Let gj be a sequence of Riemannian metric on a domain Q. Q M. Let {ufij be 
a sequence of positive solutions to (11.21) under the background metric gj in LI. We call a point 
X e LI an isolated blowup point of{uj} if there exist C > 0, 0 < 6 < distgfx, dLl) and xj —> x as 
a local maximum of Uj with ufixf) —> oo satisfying 



(1.3) 

(1.4) 


where is the 6-geodesic ball with respect to the metric gj, and dgfx, Xj) is the geodesic 
distance between x and xj with respect to the metric gj. 

For an isolated blowup point xj ^ v of Uj, we define 
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and 


Uj(r) = Uj{r), Q < r < 6, 

with Bf\xj) that r-geodesic ball centered at xj, dsg. the area element and \dBl\xj)\ volume of 
Bl\xj). 

Definition 1.4. We call Xj x an isolated simple blowup point if it is an isolated blowup point 
and there exists 0 < hi <6 independent of j such that uj has precisely one critical point in 
(0,6i),forj large. 

Acknowledgements. The author would like to thank Doetor Jingang Xiong and Professor 
Lei Zhang for helpful diseussion when he read [fTTl for other purpose. The author is grateful to 
Professor Chiun-Chuan Chen for helpful diseussion for understanding 

2. The Green’s REPRESENTATION 

In this seetion, we assume that (A/”,g) is a closed Riemannian manifold of dimension n > 5 
with Rg > 0, and also Qg >0 with Qg(p) > 0 for some point p £ M. 

Theorem 2.1. (Gursky-Malchiodi, IfTOl ) For a closed Riemannian manifold of dimen¬ 

sion n > 5, ifRg > 0, Qg > 0 on M and also Qg{p) > 0 for some point p £ M, then the following 
holds: 

• The scalar curvature Rg > 0 in M; 

• the Paneitz operator Pg is in fact positive and the Green’s function G of Pg is positive 
where G : M x M - {{q, q), q £ M} R. Also, ifu£ C^{M) and PgU > 0 on M, then 
either u = 0 or u > 0 on M; 

• for any metric gi in the conformal class of g, ifQgi > 0, then Rg^ > 0; 

• for any distinct points q\,q 2 6 M, 

(2.1) ^(<2-1, ^ 2 ) = Giquqi) = c„dg{quq2)'^^"Q +/(<?i,^2)), 

with Cn = („_ 2 )(n- 4 )oj (^^d dg(qi,q 2 ) distance between q\ and q 2 . Here f 

is bounded and f ^ 0 as dg{q\,q 2 ) 0 and 

( 2 . 2 ) \^^f\<Cjdg{quq2f-^ 

for l< j <A, 

• (positive mass theorem) when the dimension n = 5, 6, or 1, for any point q^ £ M, let 
A = (a', ..., a") be the conformal normal coordinates ( see [[T^ ] centered at qi and h be 
the corresponding conformal metric. For q 2 close to qi the Green’s function G/,(^ 2 j?i) 
of the Paneitz operator Ph has the expansion 

Gh{q2, qi) = Cndh{q2, dif"" + a + /(<?2) 

with a constant or > 0 and f satisfying (12.21) and f(q 2 ) 0 as q 2 ^ q\; moreover, 

a = 0 if and only if (M^, g) is conformally equivalent to the round sphere. 

Let u £ C"^’"(M) be a solution to the equation 

PgU = f> 0. 
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Then we have the Green’s representation 


u{x) = [ G{x,y)f(y)dVg(y\ 

J M 

for X e M. 

Now let M > 0 be a solution to the eonstant Q-eurvature equation (11.21) . Using the Green’s 
representation, 


n — A - f n+4 

u(x) = ——Q G{x,y)u^iy)dVg(y), 
^ Jm 

we first show some basie estimates of the solution u. 


Lemma 2.2. For a closed Riemannian manifold (M", g) of dimension n> 5 with Rg > 0, Qg > 0 
on M and Qg{p) > 0 for some point p e M. Then there exists Ci, C 2 > 0 depending on {M,g), 
so that for any solution u to (11.21) . we have that 

inf u < Cl, supu > C 2 . 

M M 

Proof Let u{q) = infM u. Then by Green’s representation, 

(n - A) - f 2+4 

u{q) = —-—Q / G(q,y)u(y)"-^ dVg(y) 

^ J M 

> u{q)’^^ * 6 [ G(q,y)dVg(y) 

^ JM 

2±4 

> Cj u{q)"-* 

with Cl independent of the solution u and q, and the last inequality follows from (12.11) . There¬ 
fore, the upper bound of inf m w is established. Similar argument leads to lower bound of sup^ u. 

□ 


Next we give an integral type inequality, which shows that if u is bounded from above, then 
we get lower bound of u. 

Lemma 2.3. For a closed Riemannian manifold (M”, g) with dimension n > 5, Rg > 0, and also 
Qg >0 with Qg(p) > Q for some point p e M. Then we have the inequality 

infw > C( f G{z,yY u{y)^°‘^ dVg(y)yi 
^ J M 

where p = a, ^-1-^ = 1, and a = for any fixed number -^ < a < and z is the 
maximum point ofu. C = C{a, g) > 0 is a constant. In particular, uniform upper bound of u 
implies uniform lower bound ofu. 

Proof. Let u{x) = inf^ w and u{z) = sup^ u. 

By the expansion formula (12.11) . there exist two constants C 3 , C 4 > 0 so that 

(2.3) 0 < C 3 < ^dg{zi,Z 2 f-^ < G{zi,Z 2 ) < C,dg{zi,Z2f-\ 

C4 

for any two distinct points zi,Z 2 6 M- 
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By Green’s representation at the maximum point z, 


u{z) 


in-A) 


< 


2 

(^ - 4) - 


Q / G{z,y)uiyy-* dVgiy) 


’ M 


Quiz) / Giz,y)uiy)^ dVgiy) 


'M 


SO that 


1 < 


< 




IM 


[ Giz,y)‘'u(y)''-^‘^P dVg(y))p i f u(y)(''-^^^^ dvg(y))~^ 

(n-A) 


'M 


’ M 


Qi / G(z,yf uiy)-*"^ dVg(y))p ( / uiy)"’-* dvgiy))~^. 


'M 


' M 


with or, p, q ehosen as in the lemma. Here the seeond inequality is by Holder’s inequality. The 
range of a in the lemma keeps 0<a<l,p> \ and q> and also p(4 -n) > -n so that G^ is 
integrable. 

Therefore, eombining with (12.31) we have 

inf u = uix) = ^^-^2 / G(x,y)M(»^ dVgiy) 

>C' [ M(y)^ dVgiy) 

Jm 

>Ci f Giz^yf uiy)^^“PdVgiy)y‘K 
J M 


where C', C > 0 are uniform eonstants independent of u, z and x. 


□ 


3. Locally conformally flat manifolds 

In Qing-Raske Il23ll . for locally conformally flat manifolds, upper bound for positive solutions 
to (11.21) is given: 

Theorem 3.1. (Theorem 1.3 in [[23ll ) Let (M'^g) be a closed locally conformally flat manifold of 
dimension n > 5 with positive Yamabe constant. Assume (M, g) is not conformally equivalent 
to the round sphere. Then there exists C > 0 so that for any positive function u if the metric 

4 

gi = w-^g is of positive scalar curvature and constant Q-curvature 1, then u < C. 

For estimate of lower bound of u, they need assumption on the so called Poincare exponent. 
Now for our problem, since Rg > 0, the Yamabe constant is positive. The above theorem 
applies. Combining with Lemma [231 we obtain that 

Theorem 3.2. Let iM'^,g) be a closed locally conformally flat Riemannian manifold of dimen¬ 
sion n > 5. Assume that (M, g) is not conformally equivalent to the round sphere. IfRg > 0, and 
also Qg > 0 with Qgip) > Ofor some point p e M, then there exists C > 0 and C' = C'(a)for 
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any 0 < a < 1, 50 that for any solution u of (11.21) . 

(3.1) ^ < M < C, 

(3.2) |m|c4. < C. 

Proof. For Q a = 2, by Theorem 12. li the scalar curvature R a >0. The estimate (13.11) fol- 

uli^ g _ _ _ Un^g 

lows from Theorem 13.II and Lemma [231 To establish (13.21) . one can either use ellipticity of the 
equation (11.21) with a bootstrapping argument or take derivatives on the Green’s representation 
and use (12.11) . This completes the proof of Theorem 13.21 □ 

4. A MAXIMUM PRINCIPLE 

In this section we give a maximum principle for smooth domains with boundary in the man¬ 
ifold {M,g) defined in Lemma 1231 which is a modification of the maximum principle given by 
Gursky and Malchiodi, see Lemma 1431 As an application, we give a lower bound estimate of 
the blowing up sequence. 

Lemma 4.1. Let (Q, g) be a compact Riemannian manifold with boundary dQ. of dimension 
n > 5. Let G be the interior of Cl. Assume the scalar curvature Rg >0 in Cl and Rg > 0 at points 
on the boundary, and also Qg >0 in Cl. Then Rg > 0 in Cl. 

Proof. The proof is the same as that for closed manifolds. The Q- curvature is expressed as 

" ~ 2(n - 1) ^^^^ ^ cdn)R] - C 2 {n)\Ric\] 
with Ci(n), C 2 {n) positive. By the non-negativity of Qg, 

2(„-1)AA ^ cfn)R]. 

By strong maximum principle and the boundary condition, 7?^ > 0 in Q. □ 

Lemma 4.2. Let (M’^,g) be a closed Riemannian manifold of dimension n > 5 with Rg > 0, and 
Qs^ 0. Let Q. Q M be an open domain with smooth boundary dQ so that = G (J dQ. Assume 
that u e G^(G) satisfies that 

(4.1) PgU>0inQ, 

4 

with u > 0 on dQ. Let g = u^g be the conformal metric in a neighborhood LI of dQ where 
u > 0. If the scalar curvature of{LI,g) satisfies Rg(p) > Ofor all points p e dQ, then u > 0 in 

Q. 

Proof. Our conditions on the boundary guarantee that all the argument is focused on the interior 
and then the argument is the same as in the proof of the maximum principle by Gursky and 
Malchiodi. For completeness, we present the proof. 

We define the function 

Uji = {I - A) + Au 

for d 6 [0,1], so that Uq = I and ui = u. We assume that 

min u <0. 


















Then there exists Aq g (0,1] so that 


Ao = inf(/l 6 (0,1], inf = 0}. 

n 


By definition, for 0 < T < do, Ki > 0. For the metrie 

the 2-eurvature satisfies 


gA = i^r'g’ 


Qg, > 0 inQ, 

for 0 < d < do- That follows from the eonformal transformation formula 


a 


gA 


2 


(n+4) 


-7^4 

n-4 


(n+4) 


((l-d)F„(l) + dF„M) 


2 (''+4) 


-7^4 

n-4 


(n-4) 


((1-d) 


(n-4) 


Qg + AP gu) 


_rt±4 

n-4 


>(l-d)e,n/-^ >0. 

Under the conformal transformation, the scalar curvature of satisfies 


R 


—4(n — 1) 

^ “ (n-4)2 u ^ 

4(n-l)^^^_ 8(n-l) d^lV^np 


8 (n - 1) \VgUA? 
(n - 4)2 ua 


= Mj " “*(-dA„M- - -h RnUA 

2 ^ (n-4) ® (n - 4)2 (1 - d) + dn ® ^ 

. 4(n-l)^^ 8(n-l)d|VgM|2 

(n-4) ^ (n-4)2 n ^ 

= d(-)'-i?^ > 0 

Ua 


on for 0 < d < do- Then by Lemma Iddl 

Rg ^ > 0 in Q 

for 0 < d < do- Again by the conformal transformation formula of scalar curvature, 

— 4) 

- A{n - 

By taking limit d y do, this also holds at d = do. But 

= (1 - d) + dn > 0 

on dO. for 0 < d < 1. By strong maximum principle, > 0 in Q, contradicting with choice of 
do- Therefore, for all 0 < d < 1, 


> 0 in Q. 


In particular, n > 0 in Q. 


□ 
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Theorem 4.3. Let be a closed Riemannian manifold of dimension n > 5 with Rg > 0, 

and also Qg > 0 with Qg(po) > Ofor some point po e M. There exists C > Q so that if there 
exists a sequence of positive solutions {My}“ i of (11.21) so that 

Mj = Uj(Xj) = sup Uj oo 
M 


as j oo, then 

(4.2) ujip)>CM-^d^g-'^ip,Xj) 

2 

for any p e M such that dg{p, xf) > Mj^. 


Proof To prove the theorem, we only need to show that there exists C > 0 so that for any 
blowing up sequence, there exists a subsequence so that (14.21) holds. 

Let X = {x^, ..., x") be normal coordinates in a small geodesic ball centered at xj with radius 

2 2 
d > 0 and Xj the origin. Let y = M"r*x and the metric hj be given by {hj)pq{y) = gpq{M ."'‘y). 

Let 

Vjiy) = M-duj{Qycp^.{M~^y)) for |y| < 


Then 


0 < Vjiy) < VjiO) = 1, 

PhjVjiy) = ^—^Qvjiy)^^ for |y| < 6Mf\ 

Here hj converges to Euclidean metric on R” in norm for any A: > 0. By ellipticity, we have, 
after passing to a subsequence( still denoted as {vy}), vj ^ v in Cf^^(R") and v satisfies 


0 < v(y) < v(0) = 1 in R”, 

9 (R - 4) - n+4 

A"v(y) = ^^ev(y)^ inR”. 


Also, since Rh > 0 and R _± 

^ u"- 

J 

curvature. 


Passing to the limit we have 


> 0 on M, by conformal transformation formula of scalar 


, (n - 4) 


Av(y) <0 in R”. 

By strong maximum principle, since v(0) = 1, we have that v(y) > 0 in R". Then by the 
classification theorem of C.S. Lin( [|20l ), we have that 


v(y) = (- 


1 


r) 


n-4 

2 


in 


1 +4-i|y|2^ 

We will abuse the notation v(|y|) = v(y). Therefore, for fixed R > 0, for j large. 


5< 


1 

1 + 4-i7?2 


) - Mj < Ujiexp^.ix)) < Mj for \x\ < RMj 
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For any 6 > 0, there exists jo > 0 so that for j > Jo, 

\\vj - v||c4 < 6 for |y| < 2. 


We define (pj : M - {xj} —> R as 

(pj{p) = Ujip) - rMj^G^jip) 

with Gxj(p) = G{Xj,p) Green’s funetion of Paneitz operator and r > 0 a small eonstant to be 
chosen. We will use maximum principle to show that for 6, r > 0 small, 

(pj>0 mM-B 2 {xj), for j > Jo. 

'' /If ^ 


Here B _ 2 (xi) denote the geodesic M '‘-ball centered at x, in If this holds, we will 

^ J J 

j 

choose {uj}j>j^^ as the subsequence and the theorem is proved. 

It is clear that 

n — A - s+i 

~ Pg^j ~ 2 ^ ^ in M - B^_^{xj). 

To apply the maximum principle, we only need to verify sign of <f>j and related scalar curvature 
on 55 _ 2 (xj). 

J 

_ 2 

First, for \x\ = M.'^, we choose e small so that for j > jo 

Uj{Qxp^^{x)) = MjVjiMf^x) > ^v{\)Mj; 

while by (12.31) . 

M~^Gxj{exp^.(x)) < C^Mj. 

We take ^ ■ Then 

(pj >0 on 55 2 (xj), for j > jo. 

M ^ 

j 

4 

Now let gj = (p^p^gj in small neighborhood of 55 _ 2 (x,) where (pj > 0. By conformal trans- 

] ■' n-A 

formation. 


R 


gj 


fj-^- 


A{n - 1) 
{n-A) 


^g(f>j - 


S(n - 1) |Vg0y 
(n - 4)2 (Pj 


+ Rg(pj). 


Note that Rg(pj > 0 on 55 _ 2 (xy). We only need to show that 


M. 


(4.3) 

Recall that 


4(n-l) 2 |V„0,|2 

-{^g(pj + --— ) >0 on 55 2 {Xj), for j > jo. 


{n-A) 


{n - A) (pj 


M. 


2 |V„M 


rvi .. . 2 IV’/ 




{n - A) Vj 


■). 
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Also, 


i^hjVj + 


(n - 4) vj 


2 IWP 


(r - 4) V 


2 (4-R)W + 4)2-l3;p 


= 2(4-R)(|3;|2+4)- 


+ 2n) + 


R - 4 (|3;|2 + 

= 2(4 - n)(\y\^ + 4)-t(|y|2 + 2 r) + 2(r - 4)(|3;|2 + 4)-5|3;|2 
= 4r(4 - n)(\y\^ + 4)“^ <0 at |y| = 1. 

Then we ean ehoose e < j^|v|c4(Bi(0))- Combining with the faet that 

\DlGp{q)\ < Cud^-^-Hp, q) for 0 < < 4, 

for any distinct points p,q e M with constant Ck > 0 independent of p,q, there exists t > 0 
only depending on Ck and e so that 


TM-^|A,G,/exp,/M/'-^y))| < -M 


Av 


4(2r + 1)’ 


and 


IV, 


(Pi 




IVvp 


4 ^ 


at |y| = 1, for j > jo. 


Therefore, for j > Jq, (14.31) holds, which implies that 


Rgj > 0 on dB 


M. 




By Lemma (pj > 0 in M - B (xj). Recall that e and r are chosen independent of choice 


M. 


of the sequence. This completes the proof of the theorem. 


□ 


5. A POHOZAEV TYPE IDENTITY 


In this section we introduce a Pohozaev type identity related to the constant Q-curvature 
equation. It will provide local information of the solutions in later use. 

Let {M",g) be a closed Riemannian manifold of dimension r > 5 with Rg > 0, and also 
e, >0 with Qgipo) > 0 for some point po e M. Let m be a positive solutions to (11.21) . For any 
geodesic ball fl = B^(q) in M with 26 less than injectivity radius of (M, g), we let x = (x\..., x”) 
be geodesic normal coordinates centered at q so that gij{0) = 6ij and the Christoffel symbols 
rJ/0) = 0- In this section, the gradient V, Laplacian A, divergent div, volume element dx, area 
element ds, cr-ball Ba- and |xp = + .. + (x”)^ are all with respect to the Euclidean metric. 

Define 


f R — 4 , 

'Piu) = / (x • Vm H--—r)A udx 

Jci 2 

f n - 4 1 , 

= / [- div(uV(Au) - AuVu) + div((x • Vm)V(Am) - V(x • Vu)Au + -(Aw) x)]Jx 

2 2 

f n - 4 d d d d 1, 

= / —-—(r—(Am) - Au—u) + ((x ■ Vm)—(Am) - — (x • Vm)Am + -(Am) x • v)ds, 
J 2 uV uV uV uV 2 
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where v is the outer pointing normal veetor of dQ. in Euelidean metrie. Then using (11.21) we 
have 



/ 

Jn 


-I 7m. 

Q / {x ■ ax. 


Using the expression (11.11) . we have 



Since rf/0) = 0 and g,y(0) = %, 

(A2 - Aj)u = 

= - gP‘>g‘^)VpV^ViVjU + 0 (\x\)\D\\ + 0(l)\D^u\ + 0(l)\Du\ 

= 0(\xf)\D'^u\ + OQx\)\D^u\ + 0{l)\D'^u\ + 0{l)\Du\. 

It follows that there exists C > 0 depending on I2glc(n) and |i?iCglci(n) such that 

(5.1) |(A2 - Pg)u\ < Ci\x\^\D^u\ + |x| \D^u\ + \D^u\ + \Du\ + u). 


6. Upper bound estimates near isolated simple blowup points 


In this section we perform a parallel approach of lfT9l to show upper bound estimates of the 
solutions to (11.21) near an isolated simple blowup point, see Proposition 16.31 We start with a 
Hanark type inequality near an isolated blowup point. 

Lemma 6.1. Let (M”, g) be a closed Riemannian manifold of dimension 5 < n <9 with Rg > 0, 
and also Qg > 0 with Qgipo) > 9 for some point po e M. Let {uj} be a sequence of positive 
solutions to (11.21) and Xj x be an isolated blowup point. Then there exists a constant C > 0 
such that for any 0 < r < ^, we have 

(6.1) max Uj(q) < C min Uiiq). 

qeB2r{Xj)-B^(Xj) qeB2r(Xj)-B^(Xj) 

Proof. Let x = (x\ ...,x") be geodesic normal coordinates centered at xj. Here d > 0 can be 
chosen small so that the coordinates exist. Lety = r~^x. Define 


Vjiy) = r"^\j{exp^.{ry)) for |y| < 3. 


Then 


Vjiy) < C\y\-'^ for |y| < 3, 

Vjiy) < 3^C for ^ < Ijl < 3. 
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We denote 


Qr = SsrCXj) - Br(jCj). 

By Green’s representation, 

/I-4 n—4 I n+4 

Vjiy) = r 2 Uj{exp^.{ry)) = r 2 / G{exp^^{ry),q)Uj{q)-*dVg{q) 


IM 


= r 


n+H n-‘* I 11+^* 

G{exp^^(ry),q)Uj(q)"-*dVgiq) + r 2 / G{exp^.{ry),q)Uj{q)''-^dVg{q) 


' M-Slr 


We claim that for ^ < |y| < y, if 


( 6 . 2 ) 


n—H I n+^ 

v/(y) > 2r 2 / G(exp^Xry),q)Uj(q)-^dVg(q), 


'Sir 


then there exists C > 0 independent of j, Xj, r and y, sueh that for any y < |z| < y, 
(6.3) Vj{z) > Cvj(y). 

In fact, by (12.31) . there exists C > 0, such that 

G(exp^^(ry),^) < CG(exp^^(rz), ^) 

for q e M - Qr- Therefore, 

n+4 

G{exp^.{ry), q)Ujiq)"-*dVgiq) 


1 , . iti 

^Vj(y) < r 2 


'M-Slr 


n-4 

< Cr 2 


G{exp^Xrz), q)Uj{q)"-*dVg{q) 


' M-Sir 


< Cvjiz). 


This proves the claim. 
We denote 


5 12 

C = {y e R", — < |y| < —, so that (16.21) fails for y}. 


We choose y < |y| < y with 


1 


Vjiy) > - sup Vjiz). 


If y ^ C, then using the claim, we are done. If y 6 C, we will prove that the Hamack inequality 
(16.11) still holds. 
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By Holder’s inequality, 


Ujiexp (ry)) <2 / G(exp^.(ry),q)Uj(q)"-*dVg(q) 


'Sir 


<2(/ G(expjcXry),qfdVg(q))-( Uj(q)"-'^dVg(q)y 


I sir 


'Sir 


< C(a)r^ / Uj(q)"’‘-*^dVg(q)y 


< / Uj{q)‘^*dVg{q)y 


n±4 , . . 1 


< C(Q')r^-"^^ / C4(4r)"-^G(exp^.(rz), q)Uj{q)^*dVg{q)y 

Jsir ^ 

A ,^_i_ n . 0-4 4-n fl±4/i 1 \ 0-4 1 

< C(a)r^ “(C3 2 r 2 My(exp^^.(rz))/^ 

= C(a, C, j(exp^.(rz)y. 

for any | < |z| < 3, where 1 < cr < 4 + f = 1 so that /3 > j. Here we have used (11.41) and 

dU). 

Sinee 

n + 4 n 

- > - 

n - 4 4 

for 5 < n < 9, we set /? = ^ and obtain 


n n-4 4-n o+4/i 1\ 

' n-4'<^ /?'' 


n—4/ 


(6.4) 

(6.5) 


M/exp^^(rz)) > C(C,n)r'^M/exp_^.(ry))"-4 

> C(C,n)/(2~^Uj(q))^, 


for all q 6 Bnr{xj) - B^(xj) and | < |z| < 2, where 5 <n <9. 

5 J 12 Z 

For any j<\z\< 2, 

(6.6) |V„My|(exp^_.(rz)) < [ 


2 

n — 4 - 

—^Q 


(6.7) + 

Note that for ^ < |z| < 2, 


(6.8) Uj{&xp {rz)) > 


^ 12r (7f/) 

~5~ T1 


M-{b I2r (Xj)-B Sr (Xj)) 
T T1 


n +4 

|VgG(exp^ (rz), q)\ ujiq)—^dVg(q) 


\VgG{exp (rz), q)\ Uj{q)-^dVg{q). 


M-{b y^{Xj)-B Sr (Xj)) 


G{exp (rz), q) Ujiq)-*dVg(q) 


T1 


(6.9) 


> Cr 


IM-{b I2r (Xj)-B Sr (Xj)) 


n +4 

|Vg G(exp^ (rz), q)\ Uj(q)"-^dVg{q), 


Tl 


for a uniform eonstant C independent of j and the choice of points, where for the last inequality 
we have used (12.11) . 
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Combining (16.41) . (16.81) and (16.61) . for ^ < |z| < 2 we have the gradient estimate 
\VgUj(exp (rz))\ 


|V„log(M/exp^_(rz)))| = 


1 


< 


+ 


n — 4 - 

Q 


1 n - A 


|VgG(exp^ trz), q)\ Uj(q)^dVg{q) 


^ ^ 5r i^j) 

5 T1 


■Q 


Ujiexp^j(rz)) 2 ^ (.p-B 5 . (.p)' ' " 


n+4 

|VgG(exp^.(rz), q)\ Uj{q)^dVg(q) 


n - 4 - 


+ C~^r-^ 


\VgGiexp^(rz),q)\C(C,n) V "^2 "-^^dVgiq) 


^ Virilej) 

^ 17 


< C(C,n)(Pr'^ + r^) 

= C{C,n)r-\ 


where C(C, n) is some uniform constant depending on C, the manifold and n. For any two 
points p, q e B 2 r(Xj) - B^(xj), by the gradient estimate, 


< gC(C,«)r-‘ dg{p,p ^ ^4nC{C,n) 
Ujiq) ~ 

This completes the proof of Hamack inequality. 


□ 


Next we show that near an isolated blowup point, after rescaling the functions uj converge to 
the standard solution in R”. 


Lemma 6.2. Let (M", g) be a closed Riemannian manifold of dimension 5 < n <9 with Rg > 0, 
and also Qg > 0 with Qg(po) > 0 for some point po e M. Let {uj} be a sequence of positive 
solutions to (11.21) and xj x be an isolated blowup point. Let Mj = ufxj). For any given 
Rj +00 and positive numbers ej —> 0, after possibly passing to a subsequence Ukj and Xkf 
still denoted as Uj and xj), it holds that 


( 6 . 10 ) 

( 6 . 11 ) 

and 

( 6 . 12 ) 


IIM-iw/exp./Mj-^y)) - (1 + 4-i|y|2)-^ 11^4(5, 

+ \\MZ^Uj{cxp^^{M~.~^y)) - (1 +4"^|yp)“~||^4(s,^.) < 6y, 


Rj 

\og{Mj) 


0, as j 


00 . 


Proof The proof is almost the same as in [fT9l . Let x = (x\...,x") be geodesic normal co¬ 
ordinates centered at Xj, y = r^^x and the metric h = r~^g be the rescaled metric so that 
(hj)pq(y) = (gj)pq(ry) in normal coordinates. Define 

Vjiy) = M]^Uj{exp^.(M:~^y)) for |y| <6MY". 
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Then Vj satisfies 

n — A - /I+4 -2- 

(6.13) PhjVjiy) = -^Qvj{y)~^, for Ijl < 6M'r\ 

(6.14) v/O) = 1, Vft^vy(O) = 0, 

(6.15) 0 < Vjiy) < C\y\~^, for |j| < 6M'r\ 

J 


We next show that Vj is uniformly bounded. Sinee Rh^ 
transformation formula of sealar eurvature, 


> 0 and i? 4 > 0 on M, by eonformal 


(6.16) 


(n — 4) 


4(r - 1) 


where Rh^ 0 uniformly in |y| < 2 as y —> oo. Then the funetion rjjiy) = (1 + |yp) 'v/y) 
satisfies 


+ X < 0, 

k=\ 


in |y| < 2 with some funetion bk{y). By maximum prineiple, 

(6.17) 77 /O) > inf rjjiy) for 0 < r < 1. 

\y\=r 

By the Hamaek inequality (16.11) in Lemma [ 6 Tl 

(6.18) maxv,(y) < Cminv,(y) for 0 < r < 1, 

|.v|=r |.v|=r 

where C is independent of r and j. The inequalities (16.171) and (16.181) immediately derive 


maxv;(y) < Cminv/(y) < Cv/(0) = C for 0 < r < 1. 

\y\=r \y\=r 

_ 2 

Combining this with (16.151) . we have for |y| < 6M''r *, 

Vjiy) < C, 

with C independent of j, y and r. 

Standard elliptic estimates of Vj imply that, after possibly passing to a subsequence, Vj v 
in in R” where by (16.141) and (16.161) . v satisfies 

0 ^ 4 — n+4 

A v(y) = y e R , 

v(0) = 1, Vv(0) = 0, 

Av(y) < 0, y e R”, 
v(y) > 0, y € R”. 

By strong maximum principle, v(y) > 0 in R". Then the classification theorem in If20l gives that 

v(y) = (l+4-i|yp)-^. 


□ 


Then the lemma follows. 
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Remark 6.1. From Lemma \6.2\ we can see that the proof of Theorem 14.31 still works at the 
isolated blowup point xj x. Therefore, there exists C > 0 independent of j > 0 so that for 
any isolated blowup point xj x, 

Ujiq) > Cuj{Xjy'^dl~^{q,Xj) 

2 

any q e M such that dg(q, xf) > Uj(xj)~'^. 

We now state the upper bound estimate of uj near the isolated simple blowup points. 

Proposition 6.3. Let {M'\g) be a closed Riemannian manifold of dimension 5 < n < 9 with 
Rg > 0, and also Qg > 0 with Qg(po) > Ofor some point po e M. Let {uj} be a sequence of 
positive solutions to (11.21) and Xj x be an isolated simple blowup point. Let and C be the 
constants defined in Definition \L4\ and (11.41) . Then there exists a constant C depending only on 
6 i, C, ||i?g|lc'(BiiW) <^nd WQgWcqBs^m such that 

(6.19) Uj{p) < Cuj{Xjy^dg{p,Xjf^'', for dg{p,Xj) < y, 

for > 0 small. Moreover, up to a subsequence, 

(6.20) Uj(Xj)Ujip) —> aG(x,p) + b(p) in CliB.fx) - {x}), 

where G is Green’s function of the Paneitz operator Pg, a > 0 is a constant and b{p) G 
(x)) satisfies Pgb = 0 in Bs^ (x). 

The proof of the proposition follows after a series of lemmas. 

We first give a rough estimate of upper bound of m, near the isolated simple blowup points. 

Lemma 6.4. Under the condition in Proposition \6.3\ assume Rj —> oo and 0 < cj < e~^^ satisfy 
(16.101) and (16.121) . Denote Mj = ufixfi. Then for any small number 0 < cr < there exists 
0 < 62 < Si and C > 0 independent of j such that 

(6.21) M^ufip) < Cdgip, Xjf-’^^y 

(6.22) Mp\uj{p)\ < Cdgip, 

2 

for any p in RjM ."< dgip, xfi < 62 and \ <k < A, where d = 1 - -^cr. 

Proof. The outline of the proof is from lfT9l . while the use of our maximum prineiple here is 
more subtle. Let x = {x^,..., x") be geodesic normal coordinates centered at xj for dgip, xf) < 6 . 
Let r = \x\. For any 0 < ^2 < to be chosen, let 

Qj = {pe M, RjM. ^ < dgip, xj) < 62 }. 

We want to use maximum principle to get the upper bound of Uj. Before construction of the 
barrier function on Llj, we first go through some properties of uj. 

From Lemma [6!2l we know that 

(6.23) ujip) < CR^^Mj, for dgip, Xj) = RjM~^\ 

2 

and there exists a critical point r^ of Ujir) in 0 < r < RjM. "moreover, for r > rg, ufr) is 

decreasing. By the assumption that x is an isolated simple blowup point, uj is strictly decreasing 
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for RjM." * < r < 6i. Therefore, combining with the Harnack inequality (16.11) . for p e Qy we 
have 

dgip,Xj)^Uj(p) < Cuj{dg{p,Xj)) 

< CRJM-MdRjM~^^) 

< CRJM-,^R]-’'Mj 

J J J 
_/i-4 

= CR.^. 

J 

This leads to 

(6.24) My(p)^ < CR-^^dgip, xy)~^ for < r < dj. 

We now define a linear elliptic operator on Q.j 

Lj(p = Pgip - for (p e 

Therefore 


LjUj = 0, in Q.j. 


Set 


ip{p) = BMj6Ug{p,Xj)-‘^ +AM~ 


l + T^^O- 


dg{p, Xj) 


—n+4+(T 


where A, 5 > 0 are constant to be determined, 0 < cr < ^ and 


, P G 


M 


J - sup Uj < C62 
dgip,Xj)=S2 


n-4 

2 


There exists C > 0, for m>0, 1 <k<4 and any p e M fixed and q e M so that dg{p, q) < 62 
with 62 less than the injectivity radius, 

(6.25) ID'^gdgip, <?)-'”! < Cm^dgip, qV'-K 

It is easy to check that there exists 62 > 0 independent of j so that in Q.j 

\{Pg-Al)\xr\<ioo-^\Pg{\xr)\, 

\{Pg - Al)\xr^^^‘^\ < 100“^|P^(|x|-”+^'"^)|, 

where \x\ = dg(p, xj) and Aq is the Euclidean Laplacian in the normal coordinates. It is easy to 
check that for 0 < m < n - 4 and 0 < r < 62 , 

(6.26) - Aor-'” = -m(m + 2 - > 0 

(6.27) Agr^"* = m(m + 2 - n)(m + 2)(m + 4 - n)r“'”“^ > 0. 

But for p G Q.j, by (16.241) 

Therefore, 


Ljtpj > 0 in Q.j 
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for j large. By (16.231) . for A > 1, 


(6.28) Ujip) < (pj(p), for dgip, Xj) = RjM . " 

Also, for B > 1, 


(6.29) 


Uj(p) < (f jip), for dg(p, Xj) = 62 . 


We now want to eheek sign of the sealar eurvature R 4 near dfi ,. By eonformal transfor- 
mation formula, it has the same sign as 


4(n-l)^ ^ ^ S(n - l)\Vg{(pj - Uj) 


-Ag((pj - Uj) - 


+ Rg((pj - Uj) 


(n - 4) ^ (n - 4)2 {(pj - Uj) ^ ^ 

Combining (11.41) and standard interior estimate of (11.21) . we have for k = 1, 2, 

(6.30) |B>Jm;(b)I ^ Cdg{p, Xj )~^~^ 

for some eonstant independent of j, where p e Q.j. It is easy to eheek that for 0 < m < n - A, 


(6.31) 

(6.32) 


Aokl-"* + 


2 IVokI 


—m\2 


n - A \x\ 


(m(m + 2 - n) + 


2 rrr 
n — A 


)kl 


-m-2 


m(n - 2)(m - (n - 4)) 

- 

n - 4 


“-2 < 0. 


Also, note that for any positive funetions 0i, 02 £ C^, it holds that 
(6.33) 

A trA I rA I ^ l^o(01+02)P 2 |Vo(0l)P . ^ ^ |Vo(02)P. 

^()(01 + 02) -I-7- - -:- ^ (Ao01 H-7---) + (Ao02 H-7-;-). 


n - A 01+02 ~ n - A 

Here we have used the faet that for a,b,c,d > 0 

ad^ 


2 c d bc^ 
< 


+ 


01 


, so that 


n - 4 02 


a + b a{a + b) b(a + b) 

(c + d)^ + 2c d + d^ c^ d^ 

- -=-< — + — . 

a + b a + b a b 

Using (I6.28I) - (I6.31I) and (16.331) . we ean ehoose A,B> 100"(1 + C) independent of j and t with 
C > 0 in (16.301) so that 


(6.34) 


A{n - 1) 


Ag{t(pj - Uj) - 


(n-A) 2^ 

for all t > 1. For t > 1, we define 


8(n - 1) \yg(t(Pj - Uj)f 
(n - 4)2 {tifj - Uj) 


+ Rg{t(pj - Uj) > 0 on dClj, 


Then 

(6.35) 
If 

(6.36) 


(p)(p) = tipjip) - Uj(p), peQ.j. 

0 < Lj(P] = Pg(f>) - in ^j. 

(p^j = (fj - Uj > 0 in Qj, 
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then we are done. Else, sinee Q.j is eompaet, we piek up the smallest number tj > 1 so that 
(f)- > 0. Therefore, by (16.351) 

(6.37) P,cl/; > > 0. 

Combining with (16.281) . (16.291) . (16.341) and (16.371) . the maximum principle in Lemma 1431 implies 

(1)1 > 0 in Q,-, 

contradicting with the choice of tj. Therefore, (16.361) holds. Now for p 6 Q.j, we use Lemma 
16.1[ monotonicity of uj, and apply (16.361) at p to obtain 

Mj < Cujidi) < Cujidgip, xj)) 

< Cdgip, Xj)-^{BMj 6 ^dgip, xj)-‘^ + AM-^dg{p, xj)^-'‘^^). 

Here > cr. We choose p with dg{p, xj) to be a small fixed number depending on n, cr, 62 to 
obtain 

Mj < C{n,(r, 62 )Mj\ 

Therefore, the inequality (16.211) is then established from (16.361) . and based on standard interior 
estimates for derivatives of Uj, the lemma is proved. □ 

Lemma 6.5. Under the assumption in Proposition \6.3\ for any 0 < p < y there exists a constant 
C{p) > 0 such that 

limsup max Uj(p)Mj < C(p). 

j —»oo P^dBp{Xj) 

where Mj = Uj(Xj). 

Proof. By Lemma [ 6 Tl it suffices to show the inequality for some fixed small constant p > 0. 
Lor any pp e dBp{xj), we denote ^j(p) = Uj(pp)~^Uj(p). Then ^j satisfies 

Lor any compact subset K Q Bs_^{x) - {x}, there exists C{K) > 0 such that for j large 

2 

C{K)-^ < ^j < C{K) in K. 

Moreover, by Lemma [ 6 Tl there exists C > 0 independent of 0 < r < ^2 and j so that 

(6.38) max Uj < C inf u:. 

Br{Xj)-B^(Xj) 

By the estimates (16.211) . Uj(pp) ^ 0 as 7 —> 00 . Therefore, by interior estimates of ^j , up to a 
subsequence, 

^j ^ ^ in CliBs,(x) - {^}), 


Pg^ = 0 in Bsj^{x) - {jc}, 

2 
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with ^ > 0 such that 





























and ^ satisfies (16.381) for 0 < r < y. Moreover, for 0 < r < p and ^(r) = \dBr\ ^ fgg ^dsg, 

lim UjippY^r'^Ujir) = r"~^l{r). 

j —>00 


/j—4 ” 

Sinee Xj —> x is an isolated simple blowup point, r ~^( r ) is non-inereasing in 0 < r < p. 
Therefore, x is not a regular point of 
Reeall that 


4(n - 1) 
n - 2 


n-2 

,n-4 


+ Rguy* 


n±l 

= R 4 > 0. 

„ ] 


Passing to the limit, we have 
(6.39) 


4(n - 1) 
n -2 




in Bsj^{x) - {x}. 

2 

For later use, if Qg is not pointwisely non-negative in Bp(x), by Theorem 12.11 we ehoose 
g = so that Rg > 0 and Qg > 0 in M. Then ^ = cp^ is still singular at x and all above 

information for the limit holds with ^ and g replaeed by | and g. So from now on we assume 
that Rg > 0 and Qg > 0. 

From Corollary 19.5[ for p > 0 small, there exists m > 0 independent of j sueh that for j large 


(6.40) 

/ 

JBp(Xj) 

(6.41) 


^Pg^j - 


ldBp(Xj) 


d d 

~ (^ nRg'^^j — bnRiCgiyg ^ j , v)))dSg 


f d d 

= / ~ {a„Rg—^ - bnRiCgiVgY v)))dsg + o(l) > m. 

JdBpixj) C/V 


On the other hand, nonnegativity of Qg implies 


' Bp(xj) 


(Pg^J 2 ~ I ( o Q^jiPp) ^jip)" o Qg^j)dVg 


(6.42) 

(6.43) 

Using (16.101) and ej < e~^^, we have 


^p(^y) 

~2 


. n-A ^ . 2+4 r-4 

2 ^-O(Pp) uj{py-^ - —^Qg^j> 


ft 4 — /* _i /I-I-4 

< —2 / Ujipp) hYp)-^ dVg. 
J Bpixj) 


'B _ 2 (Xj) 


uy^dVg < CM-\ 


while by (16.211) we have 


IBp(Xj)-B 2 (Xj) 


Uj ^dVg < C 


R;M 
■I J 


>Bp(Xj)-B 2 {Xj) 


{M-^dg{p,Xjf-^*^p 


2 1 n+4 

< C(RjMj 

_ 4 -v jj. . . 

= Rj ^ MJ^ =o(\)MjK 
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Therefore, 


(6.44) / u''r^dVg<CMf. 

■JBpiXj) 

Lemma [631 follows from the inequalities (I6.40I) - (I6.44I) . □ 

Proof of Proposition 1(5.31 Suppose (16.191) fails. Let Mj = Uj{xj). Then there exists a subse¬ 
quence Uj and [pj\ with dg{pj, Xj) < y with 62 in Lemma lOI such that 

(6.45) uj{pj)Mjdg{pj, Xjf^'^ 00 . 

If Qg < 0 does not hold in B^^ix), let ^0 = ^~'^g he the metric so that Qg^ > 0 and Rg^ > 0 on 
M. Then (16.451) holds for g and Uj replaced by go and Uj = (puj. Therefore, from now on we 
assume that Qg>0 and > 0 on M. By Lemma |6.2| and 0<ej< 

RjM~~^ <dg{pj,xj) < y. 

Let X = (jc\ ...,x") be the geodesic normal coordinates centered at Xj. Denote y = d^^x where 
dj = dgipj, Xj). We do rescaling 

n-4 

Vjiy) = df ujiexp^^idjy)), |y| < 2. 

Then vj satisfies 

PhjVjiy) = |y| < 2, 

where hj = dJ^gj so that (hj)pq(y) = (g)pq(djy). The metrics hj depend on j. But since dj has 
uniform upper bound, the sequence of metrics stays in compact sets with strong norms and all 
the results in Lemma [631 hold uniformly for j. Also, the conclusion of Lemma 16.41 is scaling 
invariant. Note that as the metrics hj converge to h. Green’s functions of Paneitz operators P^. 
converge to Green’s functions of Paneitz operators P/, uniformly away from the singularity. In 
particular, if dj —> 0 then hj converges to a flat metric on ^2(0) so that in proof of Proposition 
19.4[ G{p, x) will be replaced by in Euclidean balls with c„ in (12.11) . Therefore, Lemma 

16. 5 1 holds for Vj so that 

max V ,(0)v ,(x) < C, 

W=i 

which shows that 

MjU j{pj)dg{pj, Xj)^~'’ < C, 

contradicting with (16.451) . We have proved (16.191) in Bsj^{x). By Lemma[6T]the inequality (16.191) 

2 

holds in Bs^{x). 

The same properties for ^j in Lemma 1631 now hold for MjUj in B^{x). Up to a subsequence 

MjUj ^ V in Cl^iBs^ix)) 


PgV = 0 in Bsj^{x). 
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where 


































By Remark [631 v > 0 in B^(x). Since x is an isolated simple blowup point, the same ar- 

2 ^ 

gument in Lemma [63] shows that r^v(r) is non-increasing for 0 < r < y, where v(r) = 
\dBr(x)\~^ vdsg. Combining with the Hamack inequality, it implies that v is not regular at 
X. Also, V satisfies the condition in Proposition [311 By Proposition 19.41 we obtain ([6.20[) . This 
completes the proof of Proposition [63] 

□ 

As an easy consequence of Proposition 16.31 and by standard interior estimates of the elliptic 
equation (11.21) . we have 

Corollary 6.6. Under the condition in Lemma 1(5.41 there exists ^2 > 0 independent of j such 

2 

that for < dg{p,Xj) < 62 

(6.46) Kuj{p)\ < C M]^dg{p, for0<k<4, 

where Mj = ufxf), and C is a constant independent of j. Let x be geodesic normal coordinates 
of{Q.,g) centered at xj. Then for any fixed r < 62 , there exists C > 0 depending on |glc3(n) such 
that 


(6.47) I / 

J dg{p,Xj)<r 

with the term o(l) ^ 0 y —> 00 . 


^ _ 
(x -Vu + —-—m)(A^ - Pg)udx\ < CM- 
2 


^+0(1) 


Proof Inequality ([6.46b is a direct consequence of Proposition 16.31 and standard interior esti¬ 
mates of the elliptic equation (11.2b. We will next establish ([6.47b. Note that 0 < 6,- < e-^^. 
Using the estimates ([6.46b . ([6.10b and ([6.12b . and recall the error bound ([5.1b . we have 




^ ^ 

|(r ■ Vm H-^—m)(A^ - Pg)u\ dx 


< 


2 C{\x\\Du{x)\ + u{x)){\xf'\D‘^u{x)\ + |jc| \D^u{x)\ + \D‘^u{x)\ + \Du{x)\ + u{x))dx 


'W<RyM. 


< C 


M/l + + A-^\y\fi-'^-^M'r^M "-*dy 




J\y\<Rj 

cm:^^ 

J 


!RjM <\x\<r 


/ (1 + 4-^\y\y~’'dy = CM and 

4 

|(r • Vm -I-^— m)(A^ - Pg)u\ dx 


< 


C{\x\\Du{x)\ + u{x)){\xf'\D'^u{x)\ + [xj \D^u{x)\ -l- \D^u{x)\ + \Du{x)\ -l- u(x))dx 


IRjM. ''-*<\x\<r 


< c 


'RjM. ''-*<\x\<r 


Mf\xt^'' dx 


< CMj 


+ 0 ( 1 ) 
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where the term o(l) —> 0 as j ^ oo and C > 0 is a eonstant depending on |glc3(n)- Therefore, 


'|x|<r 


\(x ■ Vu + - Pg)u\ dx < CM. for RjM. < r. 


where C > 0 is a eonstant independent of j and the term o(l) —> 0 as 7 —> oo. 

For n = 5, it is good for the diseussion to come. For n > 6, better estimate is needed in order 
to cancel the error terms in the Pohozaev identity. By (16.101) . 


uj(exp^^{x)) < 2 MX 1 , for |.r| < 

Combining with Proposition [63l we have 

M/exp^^.(.r)) < Cmin{My(l + 

< CM,-(1+4-'Mp|xp)-"^, forW < 62 . 


For n = 6, 


J\x\<r 

< c 


^ ^ 

|(x • Vm h- - — u)(A^ - Pg)u\ dx 


MfMf-* lyf-^dlyl 


’ 1 


< CM. " ln(M" ^r), for RjM. " < r, 

7 7 '' J 


For n >1, 


' W<r 


< c 


^ ^ 

\(x ■ Vu H- - —m)(A^ - Pg)u\ dx 


I MfMj"-^ lyl^“V|y| 


< CM." for RjM." * < r, 

J J 

For the term Mj \Qg\ + \x\ \Duj\ Uj)dx with r > 0 fixed, 


Ml 


' |x|<r 


\Qg\ (uj + |x| \Duj\ Uj) dx < C My 


-rM"- 

J 


M^.{\ + \y\f-^^M.''-*\yT-^d\y\ 


2 _^ 

< CM,. 


tMI- 


(1 + W-^d\y\ 


For n = 6, 


For n = 1, 


I \Qg\(uj + \x\\Duj\Uj) dx < Cr^. 


' \4<r 


/ \Qg\(iC + |x| \Duj\ Uj) dx < C r. 


' \x\<r 
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These are good terms. For later use, estimates on the term M^. (uj + \x\ \Duj\) \D^Uj\ dx will 
be needed for n = 6 ; while for n = 1, estimates on the term (uj + \x\ \Duj\) {\Duj\ + 

|D^m|) dx is needed. 

□ 


Proposition 6.7. Let (M", g) be a closed Riemannian manifold of dimension n = 5 with Rg > 0, 
and also Qg > 0 with Qgipo) > Ofor some point po e M. Let {uj} be a sequence of positive 
solutions to ( 11 . 21 ) and Xj x be an isolated simple blowup point so that 

UjiXj)Ujip) hip) in C'i'^iBsfx) - {x}), 


for some 0 < or < 1. Assume that for some constants a > Q and A, 


hip) = 


dgip, x) 


— +A + o(l) as dgip, x) 0. 


Then A = 0. 


Proof Let x = (x\...,a:") be geodesie normal eoordinates at Xj. Denote Q.yj = Byixf) for 
7 < y. Then Lly = Byix). By the Pohozaev identity, 

C Ti ^ d d d d 1 

/ —^—(M;—(Am;) - Auj—Uj) + ((jc • Vm;)—(Am.) - —(.^ • Vuj)Auj + -iAuA^x ■ v)ds 


’dtly. 


'dv^ ^ 'dv " ^'dv 

ix ■ Vuj H- - — Uj)iA^ - Pg)uj dx + —- 


dv 


Q ix ■ v)Uj dx. 

J dCly, i 


Multiplying Mj = UjiXj)^ on both sides of the identity and taking limit limy^o+ lirn supy^^ on 
both sides, we have that by Corollary 16.61 

2 f n — 4 2 

lim lim sup A/ / ix ■ Vuj -\ --— ufiA - Pg)uj dx = 0, 


y^O 


I Cly 


and 


lim[ 


A Q Q Q Q 1 

- ih—iAh) — Ah—h) + ((v: • Vh)—iAh) - ix ■ Vh)Ah H —iAhfx • v)^^] 


dtly 


dv 


dv 


dv 


dv 


= lim lim sup Mf 


y^O 


;^oo 


f n — 4 d d d 

/ V^r—iUj — iAUj) - AUj — Uj) + iix ■ VUj) — iAUj) 

Ida . 2 dv dv dv 


d 1 2 

- ■ Vm,)Am/ + -iAuj) X • v)]ds 


(fl — 4 )^ _ __8 

= lim lim sup- QM. 

y^o 4n ^ 


z.n 

ix ■ v)iMj U :)•'-* dx = 0. 


! dilyj 


By assumption, 

f* yi ^ d d d d 1 

lim[ / —-— ih—iAh) - Ah—h) + ((v: • Vh)—iAh) - —ix ■ Vh)Ah + -iAh)^x • v)^^] 

y^o 2 av dv dv dv 2 

= lim / in - 4)^in-2)aA\x\'^~'^ds 

Jdtly 

= in - 4)^in - 2)aA|S”“^|, 
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where |S" is area of (n - 1)-dimensional round sphere. Therefore, 

A = 0. 


□ 

Remark 6.2. Corollarv \6.6\ is not enough to prove Proposition 16. 71 for manifolds of dimension 
n = 6 and n = 1. Let Uo{r) = (1 + 4“V^)“V be a solution to 

rt — A _ n±4 

(6.48) A^Uo = —QUp 

on R” with dimension n = 6 or 1. The linearized equation of (16.481) is 

(6.49) aV(j) = 

fory e R”. As in ETlI . if we can show that for any solution f to (16.491) with fiy) 0 as y ^ oo 
it holds that 

0(z) = co(z ■ Vt/o(z) + ^t/o(z)) + Yj z 6 R”, 

2 

with Co, ..., c„ some constant, then we can prove that \vj{y) - t/o(y)l ^ CMj^ for |y| < rMf* 

2 

where vfy) = Mz^ufMj "‘‘y) and C > 0 is a constant independent of j. This combining with 
Green’s representation leads to the better estimate 

(6.50) \ f {x-Vu + ^^m)(A2 - Pg)udx\ = o(\)Mf, 

J dg{p,Xj)<r Z 

in conformal normal coordinates and the corresponding conformal metric g. Then Proposition 
1(5.71 still holds for n = 6 and n = 1 in conformal normal coordinates and the corresponding 
conformal metric g. 

7. From isolated blowup points to isolated simple blowup points 
In this seetion we show that an isolated blowup point is an isolated simple blowup point. 

Proposition 7.1. Let (M”, g) be a closed Riemannian manifold of dimension n = 5 with Rg > 0, 
and also Qg > 0 with Qgipo) > Ofor some point po e M. Let {uj} be a sequence of positive 
solutions to (11.21) and Xj x be an isolated blowup point. Let Mj = ufxf). Then x is an 
isolated simple blow up point. 

Proof. We prove the Proposition by eontradietion argument. Assume that x is not an isolated 

n—4 

simple blow up point. Then there exists two eritical point of r~ufr) in (0,yUy) with pj —> 0 up 
to as subsequence as y ^ oo. By Lemma Inl and let 0 < 6y < e~'^L r^ufr) has precisely one 

critical point in {Q,RjM. " '*). We choose pj to be the second critical point of r 2 ufr) so that 

2 

Pj > RjM ."and by assumption pj 0. 
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Let X = jc") be the geodesic normal coordinates centered at xj, and let j 

For simple notations, we assume 62 = 1. We define the scaled metric hj = so that 


(hj)pq(Hj^x)dxPdx^ = gpq{x)dxPdxd, and 

/j-4 

^j(y) = dj w/exp^^X/zy};)), for Ijl < iT^ . 

We denote as spherical average of in the usual way. Then we have 


(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 




< di 


\yt^^j(y) ^ c, 

lim ^j( 0 ) = 00 , 


< d 


-I 


4(n — 1) ^ 

^ 0 , |y| < 


nj^j 


r 2 ^j(r) has precisely one critical point in 0 < r < 1, 
^(^"^IX^)) = 0 at r = 1. 


Therefore {0} is an isolated simple blowup point of the sequence {^/}. Note that the Remark [6T] 


holds for u , so that 


(7.7) 


^jmjiy) > C|yr-" for |y| > /u-^RjM' 


2 

n-4 


where iT.^RjM. ^ < 1. By Lemma l6Tl there exists C > 0 independent of j and k so that for 
any k eR, 

-1^2 


(7.8) 


max ^/0)^/y) < C min when 


2'^<|>i<2*+' 


2*<|)>|<2*+‘ 


Note that Qh. > 0 and R^. > 0 in M. Also the metrics hj are all well controlled in |y| < 1. In 
proof of Lemma l6.4l the maximum principle holds for hj and the coefficients of the test function 
are still uniformly chosen for hj so that the estimate in Lemma I6AI holds for each in |y| < §2 
for some §2 < 1 independent of j. Similarly Proposition 16.31 holds for in |y| < 62 . This 
combining with (17.71) and (17.81) implies 

C(K)-^ < ^jmjiy) < C{K) 

{0} when j is large, hj converges to the flat metric and there exists a > 0 so that 


for K cc R” 

^j{ 0 )^jiy) converges to 


h{y) = a\yt’^ + b{y) in CL(1R” - {0}), 


where biy) 6 C (R”) satisfies 

in R”. Here > 0 in R” - {0}. Also, 
(7.9) 


A"Z7 = 0 


-Ah(y)'‘-* > 0, \y\ > 0. 
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Moreover, for a fixed point jo in |j| = 1, by (17.81) . 

h{y) < 


for |y| > 1. Sinee /z > 0 for |y| > 0, it follows that biy) is a polyharmonie funetion of polynomial 
growth on R". Therefore, b{y) must be a polynomial in R”, see [|2l. Non-negativity of h near 
infinity implies that b{y) is of even order. Then either biy) is a non-negative constant or b{y) is 
a polynomial of even order with order at least two and b{y) is non-negative at infinity. The later 
case contradicts with (17.91) for y near infinity. Therefore, biy) must be a non-negative constant 
on R" and 


hiy) = a\yf " -h b 


with a constant a > 0 and a constant b. 

By (EH), 

—{r~ hir)) = 0 at r = 1. 
dr 

We then have b = a > 0, which contradicts with Proposition 16. 7[ In fact. Proposition 16.71 
applies to isolated simple blowup points with respect the sequence of metrics {hj} with uniform 
curvature bound and uniform bound of injectivity radius with the property that Qh > 0 and 
Rh > 0 . □ 

tij 


8. Compactness of solutions to the constant Q-curvature equations 

Based on Proposition [O] and Proposition 17.1[ proof of compactness of the solutions is more 
or less standard, see in [|T^ . But again we need to deal with the limit of the blowup argument 
carefully, see Lemma [8T] and Proposition [01 

We first show that there are no bubble accumulations. 


Lemma 8.1. Let (M", g) be a closed Riemannian manifold of dimension 5 < n <9 with Rg > 0, 
and also Qg > 0 with Qgipo) > 0 for some point po 6 M. For any given 6 > 0 and large 
constant R > 1, there exist some constant Ci > 0 depending on M, g, e, R, IIQ^IIcHm) that 
for any solution u to (11.21) and any compact subset K c M satisfying 

max d(p,K)^uip) > Ci, if K Q, and 

peM-K 

maxuip)>Ci, if K = Q), 

peM 


we have that there exists some local maximum point p' ofuinM—K with B 
satisfying 


2 

Ru{p') ^ 


ip') c M-K 


(8.1) Mp') 'M(expp,(M(p') "-‘^y)) - (1 +4 ^lyp) \\c^(\y\<2R) < e. 


Proof We argue by contradiction. That is to say, there exist a sequence of compact subsets 
and a sequence of solutions Uj to (11.21) on M such that 

max dip,Kj)'^uip)> j, 

peM-Kj 
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with dip, Kj) = 1 when Kj = 0, but no point satisfies (18.11) . We choose Xj e M - Kj satisfying 

dgiXj,Kj)^Uj{Xj) = max dgip,Kj)~ujip). 


peM-Kj 


We then define 


Vjiy) = Ujixj) ^Uji&xp^.iujiXj) ’'-^y)), for |y| < Rj = ^UjiXjy-*dgiXj,Kj). 

4 


Let hj = UjiXj)"-^g. The resecaled function vy satisfies 

( 8 . 2 ) 

and by Theorem 12.1[ 


n — 4- - 

Ph.Vj = —ev;-\ 


(8.3) 


^hjVj < 


in-4-) 


Rh^Vj- 


4(r - 1) 

We will analyze limit of the sequence {vy} as in Theorem 14.31 and conclude that (18.11) indeed 
holds. By assumption, 


and 


It follows that 


1 -L- 1 _2_ 

Rj = i^Mjy-^dgiyj^Kj) > - 7 - 4 , 


dgi^^VxjiMjiXj) •'-*y),Kj) > -dgiXj,Kj), for |y| <Rj. 

0 < Vjiy) = Ujixj)~^Ujiexp^^iUjixj)~y^y)) 

< Ujixj)~^dgiexp^.iujixj)~y^y), Kj)-'^dgixj, Ky'^ujixj) 
<2^, for |y| < Rj. 


Standard elliptic estimates imply that up to a subsequence, 

Vy ^ V in elm, 

with V satisfying 

9 n 4 — n+4 
A\ = — - — Qv" -* m R , 

v(0) = 1, 0 < V < 2"^ in R”, 
Av < 0, in R". 


By strong maximum principle, v > 0 in R”. Then by the classification theorem of C.S. Lin 

(lEQi), 


v(y) = ( 


A 


n 


1+4 ^A^\y - yp 


m 


with v(0) = 1 and v(y) < A^^ < 2"I Therefore, |y| < C(n) with C(n) > 0 only de¬ 

pending on n. We choose yy to be the local maximum point of v, converging to y. Then 
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2 

Pj = e,xp^.{uj{xj)~~*yj) e M - Kj hdi local maximum point of uj. We now repeat the blowup 
argument with Xj replaeed by pj and Uj(Xj) replaced by Ujipj) and obtain the limit 

v(y) = (1 +4-i|yPr"^ in R”. 

Therefore, for large j, there exists pj e M - Kj so that (18.11) holds. This eontradiets with the 
assumption. Therefore, the proof of the lemma is eompleted. □ 

Lemma 8.2. Let (M”, g) be a closed Riemannian manifold of dimension 5 < n <9 with Rg > 0, 
and also Qg > 0 with Qg(po) > 0 for some point po e M. For any given e > 0 and a large 
constant R > I, there exist some constants C\ >0 and C 2 > 0 depending on M, g, e, R, 
WQgWc^iM) such that for any solution u to ( 11 . 21 ) with 

maxM(p) > Cl, 

peM 

there exists some integer N = N{u) depending on u and N local maximum points {p \,..., p^^} of 
u such that 

i) for i ^ j, 

ByfPi) 1 ^ ByfPj) = 0 , 

2 

with jj = Ru(pj)~'^ and Byfpf) the geodesic jj-ball centered at pj, and 

(8.4) \\u(pjy^u(expp.(u(pjy^*y)) - (1 + ^~^\yf-y"~^\\c\\y\<2R) < e, 

2 

where y = u{pj)'r^x, with x geodesic normal coordinates centered at pj, and |y| = 
+ ■■ + (y''f- 

fi —4 

ii) fori < j, dg{pi,pj)~ u(pj) > Ci, while for p e M 

dgip, {pi ,.., p„})‘^uip) < C 2 . 

Proof We will use Lemma [8T] and prove the lemma by induetion. To start, we apply Lemma 
18.11 with K = %. We choose p\ to be a maximum point of u and (18.41) holds. Next we let 

k = b;m. 

Assume that for some io ^ 1, 0 in the lemma holds for 1 < 7 < z’o and 1 < z < j, and also 
dg{pi,pj)'^u{pj) > Cl with Pj ehosen as in Lemma ISTI by induetion.( This holds for z’o =1.) 
Then we let K = Byfpj). It follows that for 6 > 0 small, for any p sueh that dg(p, pj) < Ijj 

with 1 < 7 < z'o, we have 

dg{p, {pi, ..,piy)~^u{p) < dg{p,pj)"~^u{p) < 2dg{p,pj)^u{pj) 

< 2{2Ru{pj)-^y"-^u{pj) = 

and therefore, for p e B 2 yfpj), 

(8.5) dgip, {pu ..,pift)~^uip) < 2^R‘^. 

If for all p e M 

dgip,{pu.;Pio})^u(p) <Ci, 
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the induction stops. Else, we apply Lemma lSTTl and we denote as the local maximum point 

yo obtained in Lemma [STI so that 


B 2 

Ru{pig+i) 


cM-K. 


n—4 

Therefore, i) in the lemma holds for /q + 1- Also, by assumption, dg(pj,pig+\)~u(pig+i) > Ci. 
By the same argument, (18.51) holds for z’o replaced by z’o + 1. The induction must stop in a finite 
time N = N(u), since u'^dVg is bounded and that 


W'-^dVn 


' Byj(Pj) 


is bounded below by a uniform positive constant. It is clear now that for p e M - By.(pj), 


N 

d{p,{pu-,PN})^u(p) < 2^d(p,[jBy^(pj))^u(p) < 2^Ci. 

7=1 

By induction, (18.51) holds for iq replaced by N. We set C 2 = + 2^Ci. This proves the 

lemma. □ 


The next proposition rules out the bubble accumulations. 

Proposition 8.3. Let (M”, g) be a closed Riemannian manifold of dimension n = 5 with Rg > 0, 
and also > 0 with Qgipo) > 0 for some point po e M. For 6 > 0 small enough and a constant 
R > I large enough, there exists 7 > 0 depending on M,g,e,R, ||i?g||ci(M) WQgWc^M) such 
that for any solution u to (11.21) with maXp^M u{p) > Ci, we have 

d{pi,pj) > 7 , 

for 1 < i, j < N and i 4^ j, where N = N{u), pj = pfu), Pi = pfu) and Ci are defined in Lemma 

m 

Proof. Suppose the proposition fails, which implies that there exist 6 > 0 small and R> 0 large 
and a sequence of solutions Uj to (11.21) such that max^g^ ufip) > Ci and 

\im min d{pi{Uj),pk{Uj)) = 0 . 

j —>00 

We denote pj^\ and pj ^2 to be the two points realizing minimum distance in [pi{uj), .., PN{Uj)} of 
Uj constructed in Lemma [01 Let jj = dg{pj^\,pj 2 ). Since 

B 2 {pi /) B 2 {p2 j) = 0 , 

we have that m/(pij) ^ and Uj{p 2 j) —> 00 . 

Let X = (x\ ..,x”) be geodesic normal coordinates centered at pij, y = y~^x, exp^^ (x) be 

4 

exponential map under the metric g. We define the scaled metric /z, = yf‘^g, and the rescaled 

'' ./ 

function 

2 

Vjiy) = y]-*Ujiexpp^pjy)). 
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It follows that Vj satisfies Vj > 0 in |j| < jj Vq and that 

(8.6) PhjVjiy) = for |};| < yjVo, 

( 8 . 7 ) AhjVj < for Ijl < yjVo, 

where tq is half of the injeetivity radius of {M,g). We define y^ = yk{Uj) e R” sueh that 
= Pk for the points Pk{Uj). It follows that for pi j, 

\yk\ > 1 + o(l) 

with o(l) ^ 0 as j ^ oo. Let y2j e R” be so that p2j = exp^^ .('y;>'2j). Then 

\y2,j\ ^ 1 as 7 ^ oo. 

It follows that there exists y 6 R" with |y| = 1 sueh that up to a subsequenee, 

y = limy2j. 

J-^CC 

By Lemma [8^ 

fj > Cmax{Ruj{pijy^*, Ruj{p2j)~^*}. 

Therefore, we have 

v/ 0 ) > C3, Vj(y2j) > C3 for some C3 > 0 independent of 7, 
yk is a loeal maximum point of Vj for all 1 < A: < N(Uj), 

min |y - ykl^^Vjiy) < C2 for all |y| < 

\<k<N(Uj) ■' 

We claim that 


( 8 . 8 ) 


v/0) ^ 00, and Vj(y 2 j) 00 . 


To see this, we first assume that one of them tends to infinity up to a subsequenee, say v/(0) —> 00 
for instanee. It is elear that 0 is an isolated blowup point, and by Proposition 17.11 it is an 
isolated simple blowup point. Then Vj(y 2 j) —> 00 in this subsequenee sinee otherwise, by the 
eontrol (18.41) at p 2 j in Lemma 18.21 and the resealing, vj is uniformly bounded in a uniform 
neighborhood of y 2 j and therefore by Harnaek inequality (16.11) and Proposition 16. 3[ Vy ^ 0 
near p 2 j, eontradieting with Vj(y 2 ,j) ^ Cj. If both v,(0) and Vj(y 2 j) are uniformly bounded, 
similar argument shows that vy is uniformly bounded on any fixed eompact subset of R". Then 
as discussed in Lemma [STl vy —> v in C^^^(R”) with v > 0 and 


A^v 


4 — n+4 

— Qv"-* 


in R”. Also, 0 and y are local maximum points of v. That contradicts with the classification 
theorem in [[20ll . The claim is established. Therefore, both 0 and y are isolated simple blowup 
points of Vy. Let Kq be the set of blowup points of {vy} after passing to a subsequence. It is clear 
that 0,y 6 ^0 and for any two distinct points y,z & K, dg(y,z) > 1. By Proposition 16.3[ Vy(0)vy 
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is uniformly bounded in any fixed compact subset of R” - Kq. Multiplying Vy(0) on both sides 
of (18.61) and (18.71) . we have that up to a subsequence, 

limv/ 0 )vy ^ F > 0 in Cf,,(R" - Fq), 
j 

such that 

(8.9) A^F = 0, in R” - Kq, 

(8.10) AF < 0, in R" - Fo. 

Since all the blowup points in Kq are isolated simple blowup points, by Proposition [63l 

F(y) = + Oi(y) = a:\yf-" + a2\y-yt'‘ + 02(y) 

for y e W - Kq with the constants ai,a 2 > 0. Moreover, O 2 e C"^(R” - (Kq - {0,y})) and O 2 
satisfies (18.91) in R" - (Kq - {0,y}). We define ^ = AOi in R” - (Fq - {0}). By (I8.10L F > 0 in 
R” - Fq. Therefore, 

(8.11) liminf Oi(y) = liminf(F(y) - ailyl"*””) > 0, 

|v|—>00 |y|—>(X) 

(8.12) liminf ^(y) = liminf A(F(y) - ai|y|^'”) < 0. 

|v|—>00 l-vl—>00 

Moreover, ^ < 0 near any isolated point in R” - (Fq - {0}) by Proposition [63l Applying strong 
maximum principle to ^ and the equation 

A^ = A\F-a,\yt^) = 0 

in R" - (Fq - {0}), we have that 

^ = AOi < 0 

in R” - (Fq - {0}). Since Oj > 0 near any isolated point in R” - (Fq - {0}) by Proposition 16.31 
and also (18.1 II) holds, applying strong maximum principle to Oi and AOi < 0 in R" - (Fq - {0}), 
we have that Oi > 0 in R" - (Fq - {0}). It follows that 

F(y) = ai|y|^“” + Oi(0) + 6 >(|y|) with Oi(0) > 0 near y = 0, 

contradicting with Proposition 16. 7 K it is easy to check that Proposition l6.7l applies for the scaled 
metrics hj instead of g.) Proposition 18. 31 is then established. □ 

We are now ready to prove the compactness theorem of positive solutions to the equation 
(fO) . 

Proof of Theorem \L2\ By Lemma 1X31 and ellipticity theorem for (II.2L we only need to show 
that there is a constant C > 0 depending on M and g such that 

u < C. 

Suppose the contrary, then there exists a sequence of positive solutions Uj to (11.21) such that 

maxM, —> 00 
peM 
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as 7 —> oo. By Proposition 18.31 after passing to a subsequence, there exists N isolated simple 
blowup points pij —> pi, p^j —> Pn with > 1 independent of j. Applying Proposition 
I6.3[ we have that up to a subsequence, 

N 

uj{pij)Uj{p) F{p) = 'Yj akGgipk,p) + b{p) in - [pu ..,Pn}), 

k=l 

where a\ > 0, ..., aa? > 0 are some constants, Gg is Green’s function of Pg under the metric g 
and b{p) 6 C^{M) satisfying 

Pgb = 0 

in M. Since Qg > 0 on M with > 0 at some point, by the strong maximum principle of Pg, 
h = 0 in M. We know that Gg{pk,p) > 0 for 1 <k<Nhy Theorem [XT] Let x = (x',x”) be 
conformal normal coordinates( see [jTH) centered at pi,y( resp. p\) with respect to the conformal 

metric h; = 0 ."''g(resp. h = such that 

det(h;^) = 1 + Odxl'”"). 

Then there exists Ci > 0 independent of j such that 

and 

ll^i - (f>\\cHM) ^ 0 as 7 ^ OO. 

As shown in Theorem l2.ll under the conformal normal coordinates x centered at pi, the Green’s 
function under metric h satisfies 

Gh(pi,p) = (f>\p)Ggipi,p) = dhiPi,pt^'’ +A +0(1) 

near pi with the constant A > 0 and o(l) ^ 0 as p ^ pi. Therefore, 

(p(pfF(p) = a]dh(p\,pf~'' + B + o(l) 

with B = a\A + 'Z!k= 2 ^k<P(P\)^Gg(pk,p\) > 0 and o(l) —> 0 as p ^ pi. Note that since (pj are 
uniformly controlled in the construction of conformal normal coordinates and the corresponding 
metrics, the conclusions in Corollary 16.6! and consequently in Proposition 16.7! still hold for g 
replaced by the conformal metrics hj and Uj replaced by ii, = (pjUj. This leads to a contradiction. 
Therefore, Theorem IT 2! is established. □ 

9. Appendix: Positive solutions of certain linear fourth order elliptic equations in 

PUNCTURED BALLS 

Assume Bs(x) is a geodesic d-ball on R” under the metric g with 26 less than the injectivity 
radius. For application, for 5 < n < 9 it could sometime be assumed as a geodesic d-ball 
embedded in a closed Riemannian manifold (M”, g), where (M, g) is as in Proposition [6]3] 

Lemma 9.1. Let u e C‘^(Bs(x) - {x}) be a solution to 

(9.1) PgU = 0 in Bs(x) - {x}. 

If u(p) = o(dg(p, x)f~’^ as p ^ X, then u e C^f^(Bs(x))for 0 < a < 1. 
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Proof. The proof is standard. 

Step 1. We show that (19.11) holds in Bs{x) in distribution sense. 

To see this, given any small 6 > 0, we define the eutoff funetion 77 ^ on Bs{x) with 0 < 77 ^ < 1 
so that 


77 ^(/ 7 ) = 1 for dg{p, x) < e, 
rjeip) = 0 for dg{p, x) > le, 

|V 77 e(p)| < for e < dg{p,x) < 2 e. 

For any given f 6 Cf{Bs{x)) we multiply (p{l - 7 ]^) on both side of (19.11) and do integration by 
parts, 


Pgifil - T],))udVg = 0. 


'Bsix) 


Let 6 —> 0, then 


Pgfil - T],)udVg = 0(1)(C6" 


'Biix) 


/ |77|) + C |77| ^ 0, 

! B2,(x)-B,(x) Jb,{x) 


where in the last step we have used u{p) = o(dg(p, x))^ ”. Therefore, Step 1 is established. 

Step 2. The assumption of u near x implies that u e L^^^(Bs(x)) for any 1 < 7 ? < By 
estimates of the elliptie equation we obtain that u e W^^j^iB^ix)), see [[II for instanee. Then 
standard bootstrap argument gives u e C'l^‘^(Bs(x)). 

□ 


For later use, we now employ Lemma 9.2 from [[T9ll without proof. 


Lemma 9.2. There exists some constant Q < 6 q < 6 depending on n, \\gij\\cHBs(x'))(^f^d\\Rg\\u°(Bs(x)) 
such that the maximum principle for + Rg holds on B^^{x), and there exists a unique 

Gfp) e C^{Bso(x) - {x}) satisfying 

A(n ~ 1) 

-— AgGi + RgGi = 0 in B^oix) - {x}, 

n — I 

Gi = 0 077 dBs^{x), 

\\mdg{p,xy~^Gi{p) = 1 . 

p—*X 

Furthermore, Gfp) = dg{p, xf~'’ + Rip) where R(p) satisfies for allO < e < 1 that 
dgip, xf~‘^*^\R(p)\ + dgip, x)''~^'^"\VR(p)\ < C(e), p e Bs^{x), 77 > 4, 
where C{e) depends on e, n, \\gij\\cHBs(T,) and Ili^gllL^cSiCi))- 

Lemma 9.3. Suppose a positive function u e C^{Bs{x) - {.r}) satisfies (19.11) in Bs{x) - {x}, and 
assume that there exists a constant C > 0 such that for Q < r < 6, the Harnack inequality holds: 


If moreover, 


max 77 ( 77 ) < C min u{p). 

dg{p,x)=r dg{p,x)=r 


4(77 - 1 ) 


ISgW 


+ RgU"-* > 0 in Bsix) - {x}. 


77-2 
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then 


a = limsup x)” ‘^u{p) < +oo. 

p^x 

Proof. If the lemma is not true, then for any A > 0, there exists r, —> 0"^ satisfying 

u{p) > A for all dg{p, x) = r,-. 

n-2 

Let va = with Gi in Lemma |9^ For i large, by maximum prineiple, 

u{p)^^ > Va{p) for Vi < dgip,x) < Sq. 


As i ^ oo, it holds that 

n—2 _ 

u{p)”-* > va(p) for 0 < dg(p,x) < do. 

Sinee A ean be arbitrarily large, u(p) = oo in 0 < dg(p, x) < do, whieh is a eontradietion. □ 
Proposition 9.4. Let u be as in Lemma 19. dl Then there exists a constant b >0 such that 
(9.2) u{p) = bG{p, x) + E{p) for p e B^fx) - {x}, 

where G is Green’s function ofPg, (for the existence of the Green’s function in our application, 
it is limit of Green’s function of Paneitz operator of a sequence of metrics on M restricted to 
certain domains, and when g is the flat metric, let G(x,y) = c„|x - and do is defined in 
Lemma 1972] Here E e C‘^(Bsfx)) satisfies PgE = 0 in Bgflx). 

Proof We rewrite (19.11) as 

n - A 

Ag(AgU) = diWgianRgg - b„RiCg)VgU -^— Qg^- 

By Lemma 1931 0 < u{p) < a\G{p, x) with some eonstant ai > ain Bsflx) - {x} with do > 0 in 
Lemma 1931 Combining with the interior estimates, there exists a eonstant C > 0 sueh that 


(9.3) 

(9.4) 


n - A 


\divg(a„Rgg - bnRiCg)VgU --— Qgu\ < Cd^ "(p,x), and 


|A„m(p)| <Cdl "{p, x). 


for p 6 Bgflx) - {0}. We define G 2 to be a Green’s funetion of on Bsflx) sueh that 
(9.5) 0 <G2{p,q)<Cdg(p,qf-\ 

for some eonstant C > 0 and any two distinct points p and q in Bgflx). Then 
f n-A 

/ G2(p, q)(di\g(anRgg - bnRiCg)VgU(q) - :^QgU(q))dVg(q) 


flip) = / 

J Bsgix) 

is a special solution to the equation 


Agf = di\gia„Rgg - bnRiCg)VgU 


n-A 


■QgU, in Bsflx) - {x}. 


Combining (19.31) and (19.51) . we have that there exists a constant C > 0 such that 

\(f>iip)\ < Cdgip,x)‘^^'', 
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for p 6 Bgg(x) - {;c}. Therefore, 


Ag(AgU - (pi) = 0, in Bs^{x) - {x}. 

Sinee we also have (19.41) . proof of Proposition 9.1 in [|T9ll applies and there exists a eonstant 
-C < b 2 < C sueh that 

(Aguip) - (piip)) = b 2 Gi{p) + (flip), in Bg^ix) - {x}, 
with Gi as in Lemmaand (pi a harmonie funetion on Bg^{x). Therefore, 

Agu{p) = b 2 Gi{p) + (piip) + (flip), in Bg^ix) - {x}. 

By the same argument, there exists Z 73 e R sueh that 

u(p) = bsGiip) + (p 2 {p) + / G 2 {p, q){b 2 Gi{q) + (pi{q) + (pi{q)]dVg{q) 

= b^Giip) + (p2{p) + 0{dg{p,xf^") 

in Bg^^ix) - {x}, with ^2 a harmonie funetion on Bg^{x). But sinee 0 < u{p) < aiG{p, x), we have 
b^ = 0 and 

u(p) = b 2 [ G 2 (.P, q)Gi{q)dVg{q) + o{dg{p, x)'*"”) 

J Bsq(x) 

in Bg^^{x) - {x). Therefore, there exists a constant b >0 such that 

u(p) = bdgip, x)'*”” + o{dg(p, 

= bG{p, + o{dg(p, x)^^'^). 

Then by Lemma IPTl there exists a function E e C^^iBg^^ix)) satisfying (19.11) and 

u{p) = bG{p, xf~" + E{p) 


for p G Bg^{x) - {x}. 

This completes the proof of the proposition. 


□ 


Using Proposition 19.4[ we immediately conclude the following corollary. 


Corollary 9.5. Eor n > 5, assume that u e C^iBg^^ix) - {x}) is a positive solution of (19. II) with x 
a singular point, and also the assumptions in Lemma W3\ holds for u. Then 


lim 

r^O 


Br(x) 


n — A - 

(PgU --— Qu)dVg = lim 

2 r —>0 


dBr{x) 


d d 

{—AgU - (a„Rg—u - bnRiCgiy gU,v)))dSg 


"dv 

d 


b lim / -^AgG(p, x)dsg(p) = 2(n - 2)(n - 4)|S” > 0, 


r-^O 


IdBr(x) 


dv 


where v is the outer unit normal and b > 0 is as in (19.21) . 
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